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On the unit groups of partial Burnside rings
Masahiro Wakatake
Department of Mathematics, Kindai University, 3-4-1 Kowakae, Higashiosaka City,
Osaka 577-8502, Japan
Abstract
We describe the generalized Matsuda’s theorem in [Ma82], and some results
of a Burnside ring extend a partial Burnside ring. In particular, we give
isomorphism between partial Burnside rings of different groups. Moreover,
we consider the relationship between image of Frobenius-Wielandt homomor-
phism, a partial Burnside ring, and structure of a group.
Keywords: Burnside ring
1. Introduction
Let G be a finite group. The Burnside ring of a finite group G is defined to
be the Grothendieck ring of the semi-ring generated by isomorphism classes
of finite (left) G-sets where the addition and multiplication are given by
disjoint unions and Cartesian products. Denote by Ω(G) the Burnside ring
of G. If a family D of subgroups of G contains G and it is closed under
taking conjugation and intersection, then D is called a collection of G. We
call the Grothendieck ring of the semi-ring generated by isomorphism classes
of finite (left) G-sets whose stabilizers of any element lie in a collection D of
G a partial Burnside ring (PBR for shot) relative to D of G. We denote the
PBR relative to a collection D of G by Ω(G,D).
Results of this paper is the following :
Theorem 5.3. Let G1 and G2 be finite groups, and D a collection of G1. If
f : G1 −→ G2 is a surjective group homomorphism, then
Ω(G1,Dker f ) ≃ Ω(G2, f(Dker f )),
where f(Dker f) = {f(H) ≤ G2 | H ∈ D, ker f ≤ H} and Dker f = {H ∈
D | ker f ≤ H}.
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Theorem 4.2. Let G be a finite group. Then the following are equivalent.
(1) G is non-abelian simple group, then |G| =even.
(2) |G| =odd, then |Ω(G)×| = 2.
(3) |G| =odd, then Ω(G)× ≃ Ω(G,NS(G))×.
(4) |G| =odd, then Ω(G)× ≃ Ω(G, Sub(G)G′)
×.
Here, NS(G) is the set of all normal subgroups of G, G′ is a commutator
subgroup of G, and Sub(G)G′ = {H ≤ G | G
′ ≤ H}.
Definition 6.1. Let p be a any prime number. For any positive integer a,
we call a finite group G pa-seminilpotent if for any subgroup K of G has
index which is divisible by pa, there exists a normal subgroup N of G such
that K ≤ N and |G : N | = pa, and #{N E G | K ≤ N, |G : N | = pa} ≡ 1
mod p.
Theorem 6.5. Let G be a finite group of even order n, and C be a cyclic
group of the same order n. if G is 2-seminilpotent, then
α(Ω(C)×) ⊆ Ω(G,NS(G))×.
In particular,
α(Ω(C)×) = 〈−1Ω(G),
∏
{N≤G;|G:N |=2}
uH〉 ,
where uN = 1Ω(G) − [G/H ].
The paper is organized as follows. In Section 2, we recall the basic def-
initions and results from PBR. In Section 3, we describe the generalized
Matsuda’s theorem in [Ma82]. In Section 4, we show some examples of Mat-
suda’s theorem. In Section 5, we show more results associated with Mat-
suda’s theorem. In Section 6, we consider the relationship between image of
Frobenius-Wielandt homomorphism, a partial Burnside ring, and structure
of a group.
2. Preliminaries
2.1. Notation
Let G be a finite group. Denote by Sub(G) the set of subgroups of G.
Denote by NS(G) the set of normal subgroups of G. For a family D of
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subgroups of G with closed under G-conjugation, write Dc for the set of the
conjugacy classes of D. Denote by (H) the set of all G-conjugate subgroups
of a subgroup H of G. Denote by [X ] the isomorphism class of finite G-set
X . If X is a finite set, write |X| or #X for the cardinality of X .
2.2. Partial Burnside rings
Let G be a finite group. Then the Burnside ring Ω(G) of G can be
regarded as a free abelian group with basis { [G/H ] | (H) ∈ Sub(G)c }. The
multiplication in the ring is given by
[G/H ] · [G/K] =
∑
HgK∈H\G/K
[G/(H ∩ gKg−1)].
Definition 2.1. Let G be a finite group. The family D of subgroups of G is
called a closed if D satisfies the following 2 conditions:
• H ∩K ∈ D for any H,K ∈ D.
• gHg−1 ∈ D for any H ∈ D and g ∈ G.
In particular, we call a closed family D of subgroups G collection if G ∈ D.
For a closed family D of subgroups of G, we put
Ω(G,D) := 〈[G/H ] | (H) ∈ Dc〉
Z
.
In particular, we call Ω(G,D) a partial Burnside ring (PBR for short) relative
to D of G if D is a collection.
Remark 2.2. For a closed family D of subgroups of a finite group G, A
Ω(G,D) is a subring of Ω(G) (it need not unital). A PBR Ω(G,D) is a
unitary subring of Ω(G).
For K ≤ G and a G-set X , we set
invK(X) := {x ∈ X|kx = x for all k ∈ K}.
If D is a closed family of subgroups of G, then for each K ∈ D, the Z-linear
map ϕDK : Ω(G,D) → Z which is induced by [G/H ] 7→ #invK(G/H) is a
ring homomorphism. By [Yo90, Theorem 3.10], the map ϕD = (ϕGK)(K)∈Dc :
Ω(G,D)→
∏
(K)∈Dc Z is an injective ring homomorphism, where ϕ
D is called
a Burnside homomorphism relative to D of G. We call a matrix MD :=
(invK(G/H))(K),(H)∈Dc a table of marks relative to D of G.
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3. A generalization of Matsuda’s theorem
Definition 3.1. Let G be a finite group. A collection S of G is called a basic
collection if S satisfies the following three conditions:
• 〈1〉 ∈ S.
• If H ∈ S, then H is a normal subgroup of G.
• If H,K ∈ S, then HK ∈ S,
where HK is a (normal) subgroups of G generated by H and K.
Let G be a finite group, D a collection of G, and S a basic collection of
G. For any H ∈ S, we put
SD(H) := {F ∈ D | H ≤ F, if H
′ ∈ S and H ≤ H ′ ≤ F, then H = H ′}.
Obviously, SD(H) is a closed family of subgroups of G. Therefore for each
H ∈ S Ω(G, SD(H)) is a subring of Ω(G), and the map ϕ
SD(H) is an in-
jective ring homomorphism. We remark that if SD(G) is empty set, then
Ω(G, SD(H)) = {0}.
For a collection D of G and a basic collection S of G, we put
SD := {H ∈ S|SD(H) 6= ∅}.
Lemma 3.2. Let G be a finite group, D a collection of G, and S be a basic
collection of G.
(1) Ω(G,D) =
⊕
H∈SD Ω(G, SD(H)).
(2) Ω(G, SD(H)) · Ω(G, SD(F )) ⊆ Ω(G, SD(H ∩ F )) for any H,F ∈ S
D.
(3) 1Ω(G) ∈ Ω(G, SD(G)) = Z · 1Ω(G).
Proof. For H1, H2 ∈ S
D, if F ∈ SD(H1) ∩ SD(H2), then H1 = H2 because
H1 ≤ H1H2 ≤ F . Therefore if H1 6= H2, then SD(H1)∩SD(H2) = ∅. For any
F ∈ D, the set {H ∈ S|H ≤ F} is non-empty since 〈1〉 ∈ S. Let H0 be a
maximal element of the set {H ∈ S|H ≤ F}. Then F ∈ SD(H0). Therefore
D =
⊔
H∈SD SD(H), we obtain (1). Obviously, for F1 ∈ SD(H1), F2 ∈ SD(H2),
H1 ∩ H2 ≤ gF1g
−1 ∩ F2. If there exist H
′ ∈ S such that H1 ∩ H2 ≤ H
′ ≤
gF1g
−1 ∩ F2, then H
′ ≤ H1 ∩ H2 because Hi ≤ H
′Hi ≤ Fi for i = 1, 2.
Therefore we obtain (2). (3) is trivial.
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Theorem 3.3 ([Ma82, Theorem 4.1, 4.2]). Let G be a finite group, D be a
collection of G, and S be a basic collection of G. Then
|Ω(G,D)×| = 2
∏
H∈S\{G}
|Ω(G, SD(H))|,
where
Ω(G, SD(H)) := {x ∈ Ω(G, SD(H)) | x
2 + 2x = 0}.
Moreover,
|Ω(G,D)×| = 2
∏
H∈S\{G}
∣∣(MSD(H))−1 (Z′2|SD(H)|) ∩ Z|SD(H)|∣∣ ,
whereMSD(H) is a table of marks relative to SD(H) of G, and Z
′
2 = {0,−2} ⊆
Z.
In particular,
{−1Ω(G)} ∪
⋃
H∈S
⋃
x∈Ω(G,SD(H))\{0}
{1Ω(G) + x}
is a set of generators of Ω(G,D).
Proof. By Lemma 3.2 and [Ma82, Lemma 3.5], we have this theorem in the
case of S = SD. For any H ∈ S\SD, |Ω(G, SD(H))| = 1 since Ω(G, SD(H)) =
{0}, completing the proof.
4. Examples of Matsuda’s theorem
Proposition 4.1. Let G be a finite group, and let NS(G) is the set of all
normal subgroups of G. Then
|Ω(G,NS(G))×| = 2#{H≤G||G:H|≤2}.
Moreover,
{−1Ω(G)} ∪ {uH | H ≤ G, |G : H| = 2}
is a set of generators of Ω(G,NS(G))× where uH = 1Ω(G) − [G/H ].
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Proof. Now, S := NS(G) is a basic collection. ForH ∈ NS(G)\G, Ω(G, SNS(G)(H)) =
Z · [G/H ] by SNS(G)(H) = {H}. Therefore
|Ω(G, SNS(G)(H))| =
{
1 |G : H| 6= 2,
2 |G : H| = 2,
since H is normal subgroup of G .This completes the proof.
Theorem 4.2. Let G be a finite group. Then the following are equivalent.
(1) G is non-abelian simple group, then |G| =even.
(2) |G| =odd, then |Ω(G)×| = 2.
(3) |G| =odd, then Ω(G)× ≃ Ω(G,NS(G))×.
(4) |G| =odd, then Ω(G)× ≃ Ω(G, Sub(G)G′)
×.
Here, NS(G) is the set of all normal subgroups of G, G′ is a commutator
subgroup of G, and Sub(G)G′ = {H ≤ G | G
′ ≤ H}.
Proof. (1) ⇔ (2) by [So76]. By Proposition 4.1, |Ω(G,NS(G))| = 2 since |G|
is odd. Hence (2)⇔ (3). By Lemma 5.1, Ω(G,GG′) ≃ Ω(G/G
′). Since G/G′
is an abelian group, |Ω(G/G′)| = 2 by Proposition 4.1. Therefore (2) ⇔ (4).
This completes the proof.
Definition 4.3. LetW be a finite Coxeter group with Coxeter system (W,S).
Then a subgroup P is called parabolic subgroup if there exists J ⊆ S such
that (P ) = (〈J〉). Denoted by PW the set of all parabolic subgroups of W .
Let W be a finite Coxeter group. Then the set PW of all parabolic
subgroups of W becomes a collection (see [So76]).
Example 4.4. Let W be a Coxeter group of type I2(m). Then
|Ω(W,PW )
×| = 4.
Proof. We put G := D2m = 〈σ, τ |σ
m = τ 2 = (στ)2 = 1〉, and L = {τ, στ}.
Then G is a Coxeter group of type I2(m) with Coxeter system (G,L). Let
S = {〈1〉 , G}. Then S is a basic collection of G. Since
PG
c =
{
{(〈1〉), (〈τ〉), (〈στ〉), (G)} m is even,
{(〈1〉), (〈τ〉), (G)} m is odd,
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it follows that
SPG(〈1〉)
c =
{
{(〈1〉), (〈τ〉), (〈στ〉)} m is even,
{(〈1〉), (〈τ〉)} m is odd.
The table of marks relative to SPG(〈1〉) of G is as follows
M :=MSPG (〈1〉) =



 2m m m0 2 0
0 0 2

 m is even,
(
2m m
0 1
)
m is odd.
Therefore
M−1
(
Z
′
2
|SPG (〈1〉)|
)
∩ Z|SPG(〈1〉)| =





 00
0

 ,

 1−1
−1



 m is even,{(
0
0
)
,
(
1
−2
)}
m is odd.
This completes the proof.
Example 4.5. Let G = A4 be a alternating group of degree 4. Then
|Ω(G)×| = 4.
Proof. Let S = {〈1〉 , V4, G} where V4 is a Klein four-group.
SSub(G)(〈1〉) = {(〈1〉), (〈H1〉), 〈H2〉},
where H1 = {1, (1 2)(3 4)}, and H2 = {1, (1 2 3), (1 3 2)}.
The table of marks relative to SSub(G)(〈1〉) of G is as follows
M :=MSSub(G)(〈1〉) =

 12 6 40 2 0
0 0 1

 .
Therefore
M−1
(
Z
′
2
|SSub(G)(〈1〉)|
)
∩ Z|SSub(G)(〈1〉)| =



 00
0

 ,

 1−1
−2



 .
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5. Further results
For finite group G, collection D of G, and subgroup N of G, we put
DN = {H ∈ D | N ≤ H}.
It is easy to see that if N is a normal subgroup of G, then DN is collection
of G.
Lemma 5.1. Let G be a finite group, and let N be a normal subgroup of
G. Then
Ω(G/N) ≃ Ω(G, Sub(G)N),
where Sub(G)N := {H ≤ G | N ≤ H}.
Proof. By correspondence theorem, the map pi : GN −→ Sub(G/N) defined
by H 7−→ H/N is a bijection. Hence
Ω(G/N) ≃ Ω(G,GN)
as Z-module. Therefore it suffices to show that
[pi(G)/pi(H)] · [pi(G)/pi(K)] =
∑
HxK∈H\G/K
[pi(G)/pi(gHg−1 ∩K)].
ForH,K ∈ GN , we put the map g : H\G/K −→ pi(H)\pi(G)/pi(K);HxK 7−→
pi(H)xNpi(K). Since
HxK = HyK ⇐⇒ yN = hxkN (∃h ∈ H, ∃k ∈ K)
⇐⇒ pi(H)yNpi(K) = pi(H)xNpi(K)
the map g is injective. The map g is clearly surjective hence g is bijection.
Since pi(gHg−1) = gNpi(H)g−1N ,∑
HxK∈H\G/K
[pi(G)//pi(gHg−1 ∩K)] =
∑
HxK∈H\G/K
[pi(G)//pi(gHg−1) ∩ pi(K)]
=
∑
HxK∈H\G/K
[pi(G)//gNpi(H)g−1N ∩ pi(K)]
=
∑
pi(H)xNpi(K)∈pi(H)\pi(G)/pi(K)
[pi(G)//gNpi(H)g−1N ∩ pi(K)]
=[pi(G)/pi(H)] · [pi(G)/pi(K)].
This completes the proof.
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Lemma 5.2. Let G1 and G2 be finite groups, and D a collection of G1. If
f : G1 −→ G2 is a surjective group homomorphism, then the family
f(Dker f ) = {f(H) ≤ G2 | H ∈ D, ker f ≤ H}
is a collection of G2
Proof. Since the map f is a surjective group homomorphism, G2 ∈ f(D)
and g2H2g
−1
2 ∈ f(Dker f ) for any H2 ∈ f(Dker f ), and g2 ∈ G2. Therefore it
suffices to show that f(H ∩K) = f(H) ∩ f(K) for any H,K ∈ D. For any
y ∈ f(H) ∩ f(K), there exist h ∈ H and k ∈ K such that y = f(h) = f(k).
Hence k ∈ h ker f ⊂ H ker f = H since ker f ≤ H . Therefore y ∈ f(H ∩K),
completing the proof.
Theorem 5.3. Let G1 and G2 be finite groups, and D a collection of G1. If
f : G1 −→ G2 is a surjective group homomorphism, then
Ω(G1,Dker f ) ≃ Ω(G2, f(Dker f )),
where f(Dker f) = {f(H) ≤ G2 | H ∈ D, ker f ≤ H} and Dker f = {H ∈
D | ker f ≤ H}.
By Theorem 5.3, we have the following Matsuda’s theorem.
Theorem 5.4 ([Ma82, Theorem 4.4]). Let G1 and G2 be finite groups, and
D a collection of G1. If f : G1 −→ G2 is a surjective group homomorphism,
then
|Ω(G1,D)
×| = |Ω(G2, f(Dker f ))
×| · |Ω(G1, SD(H))|,
where S = {〈1〉 , ker f, G}, and f(Dker f) = {f(H) | H ∈ D, ker f ≤ H}.
Proof. By Theorem 3.3, we have
|Ω(G,D)×| = 2|Ω(G, SD(ker f))| · |Ω(G, SD(H))|.
|Ω(G2, f(Dker f ))
×| = |Ω(G,Dker f)
×| = 2|Ω(G, SD(ker f)) by Theorem 5.3.
This completes the proof.
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6. Application of a partial Burnside Rings
Definition 6.1. Let p be a any prime number. For any positive integer a,
we call a finite group G pa-seminilpotent if for any subgroup K of G has
index which is divisible by pa, there exists a normal subgroup N of G such
that K ≤ N and |G : N | = pa, and #{N E G | K ≤ N, |G : N | = pa} ≡ 1
mod p.
Remark 6.2. seminilpotent group is a nilpotent group. However nilpotent
group is not seminilpotent in general. For example let H be a non-nilpotent
group of odd order, and let E be a 2-group. Then G := H×E is not nilpotent
but 2-seminilpotent.
Let G be a finite group. For any subgroup K of G, we put
K :=
⋂
{NEG|K≤N}
N,
Proposition 6.3. Let G be a finite group. If K be a subgroup of G, then
{N E G | K ≤ N, |G : N | = pa} = {N E G | K ≤ N, |G : N | = pa}.
Proof. Let n be a positive integer, and λ a primitive n-th root of unity. For
each N ∈ {N E G | |G : N | = pa}, we put
uN(λ) := [G/G] +
λ− 1
pa
[G/N ] ∈ C⊗Z Ω(G,NS(G)).
For any K ≤ G, since
ϕK(uN(λ)) =
{
λ K ≤ N,
1 otherwise,
we have
ϕK(
∏
N∈{NEG||G:N |=pa}
uN(λ)) = λ
#{NEG|K≤N, |G:N |=pa}
= ϕK(
∏
N∈{NEG||G:N |=pa}
uN(λ))
= λ#{NEG|K≤N, |G:N |=p
a}.
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Therefore
#{N E G | K ≤ N, |G : N | = pa}
≡ {N E G | K ≤ N, |G : N | = pa} (mod n).
This completes the proof.
Easy proof by group theory. Obviously,
{N E G | K ≤ N, |G : N | = pa} ⊇ {N E G | K ≤ N, |G : N | = pa}.
We take any N ∈ {N E G | K ≤ N, |G : N | = pa}. Since N ∩K is a normal
subgroup of G and K ≤ N ∩K ≤ K, N ∩K = K. Hence K ≤ N . Therefore
{N E G | K ≤ N, |G : N | = pa} = {N E G | K ≤ N, |G : N | = pa}.
We review a theorem of [DSY92].
Theorem 6.4 ([DSY92, Theorem 1.]). Let Cn be a cyclic group of order n,
and let C := C|G|. Then the map
α = αG : Ω(C) −→ Ω(G)
given by ϕGK(α(x)) = ϕ
C
C|K|
(x) for each subgroup K of G is a ring homomor-
phism. The map α is called the Frobenius-Wielandt homomorphism
Theorem 6.5. Let G be a finite group of even order n, and C be a cyclic
group of the same order n. if G is 2-seminilpotent, then
α(Ω(C)×) ⊆ Ω(G,NS(G))×.
In particular,
α(Ω(C)×) = 〈−1Ω(G),
∏
{N≤G;|G:N |=2}
uH〉 ,
where uN = 1Ω(G) − [G/H ].
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Proof. By Proposition 4.1, Ω(C)× = 〈−1Ω(C), 1Ω(C) − [C/Cn/2]〉. Since
ϕGK(α(1Ω(C)− [C/Cn/2])) = ϕ
C
C|K|
(1Ω(C)− [C/Cn/2]) =
{
−1 2|K| divides n,
1 othewise,
it follows that
ϕGK(α(1Ω(C) − [C/Cn/2])) =
{
−1 |G : K| is even,
1 othewise.
For each H ≤ G has index 2 in G,
ϕK(uN) =
{
−1 K ≤ N,
1 otherwise.
where uH = [G/G] − [G/H ]. Since G is a 2-seminilpotent, for any K ≤ G
has even index in G, there exist N ≤ G such that |G : N | = 2. Therefore
ϕGK(
∏
{N≤G;|G:N |=2}
uN) = (−1)
{N≤G|K≤N,|G:N |=2}
=
{
−1 |G : K| is even,
1 othewise.
By injectivity of the Burnside homomorphism, completing the proof.
Remark 6.6. If G is a finite group of odd order n and C is a cyclic group
of the same order n, then Ω(C)× = 〈−1Ω(C)〉 by Proposition 4.1. Therefore
α(Ω(C)×) ⊆ Ω(G,NS(G))×
Remark 6.7. In general, for any finite group G and C = C|G|, it is not
necessarily α(Ω(C)×) ⊆ Ω(G,NS(G))× (see Example 4.5).
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